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INTRODUCTION

It has been 75 years since Edison's Pearl Street generating station
first went into operation. 1In this spen of time electric power systems
have increased tremendously in size and complexity. One of the problems
that has been mede vastly more difficult by this growth is the economic
dispatehing of the electrical loed. This dispeatching is more difficult
because in the present dey interconnected slectric-power systems the power
losses sssocisted with the high voltage transmission lines is comperable
to the power losses associsted with the genereting stetions. Therefore
the most economic allocation of the electiz;ic power from the generating
stations in the system cennot be made unless the verietion in transmission
line losses with respect to station generstion is elso known.

Ir the past 15 years a greet deal of work has been done in the way of
developing computational methods for including trensmission line losses. in
the economic dispatch problem. It wes the study of this economic dispatch
problem thed;varoused the author's interest in transmission line losses and
led to the present investigation. However this investigation digresses
from the problem which served as a stimulus in thet it focuses attention
on the losses of a particuler circuit eand not on the losses of sn entire
system. The besic interest in minimizing transmission line losses led .
directly to the n circuit with susceptive éhunt branches bescsuse aﬁy
results obtained from studying the n circuit would be directly aspplicabie
to the power system transmission line. At the ssme time the n circuit is
not limited to representing trensmission lines, hence the results can be

interpreted in terms of eny part of en electrical system thet can be



represented by the n circuit.

Specificelly the purpose of this investigation was to develop the
power loss surface for a n circuit with susceptive shunt brsnches end then
to study the surface with respect to its minimum points.

In reviewing the litersture relating to electricel losses the author
wes uneble to find anything which was directed along the line of this in-
vestigetion. From the literature it is epparent that previous investi-
gators of electricel losses have directed their efforts into two general
erees. The first area thet astiracted the interest of early investigators
was the general problem of sccurstely caleculeting electricel losses. The
second erea of interest wes the study of the most economic operetion of
power systemsl.

For exsmple in reviewing the literature relating to traensmission line
losses the author found that the writers were concermed either with tech-
niques for celculating line losses or with techniques for including the
line losses in the economic dispetch problem. This is not surprising.

The early investigators recognized thet with the advent of the high
voltege long distance transmission line an acourete determinetion of line
losses would require the solution of‘the line as a distributed parameter
circuit. Since the calculstion of the line losses by this rigorous sc-

lution of the trensmission line entasiled a grest deel of time and effort

lA representative list of references fram these two areas of generel
interest is given in the Selected References.



the eerly investigetors spent considersble time looking into methemeticel
short cuts, charts, nomogrephs and similer techniques to simplify the
calculations.

The economic dispeitch problem is of tremendous importence to those
engaged in the distribution smd sale of electric power. Hence it is not
surprising to find the interest lies in minimizing the totel system loss
rather thean the losses of = single element.

This investigetor felt that the development of the power loss surface
for a n circuit with particuler sttention to the minimum péints on the
surface would contribute some knowledge to the generel problem of mini-

mizing electricel losses.



THE INVESTIGATION

The purpose of the investigation was to develop and study the power
loss surfece for & n circuit with susceptive shunt elements. In particu-
lar the analysis was~ concerned with locebting the points on the surface
corresponding to minimum power loss. In asddition to loceating the minimum
points the explicit relationships smong the veriables at these minimum
points was also sought.

The development of the power loss surface was carried out in four
steps. The first step was to develop the expression for the power loss
Py as a funetion of the five varisbles in the system, nemely: +the input
voltage Ej3 the output voltege Ep; the circuit resisteance R; the circuit
reactance X; end the output power Po. Stated methemsticelly the first step
in the development of the power loss surface was to formulate an expression
of the form:

P, = £(E;, B3, R, X, Pp). 1

The second step consisted of combining the variebles into the di-
mensionless combinetions: (Ez/El); (X/R); =nd (RPZ/EIZ). The dimension-
less combinstions were arrived at by mesms of Buckinghem's Pi theorem.

The third step involved rewriting Equetion 1 in terms of the di-

mensionless verisbles (E;/E;), (X/R), snd (RPZ/EI’?'). Thus :

P, = gL(X/R), (E5/Ey), (RPy/E,2)]. 2
The fourth step comprised the study of the level surfaces generated

by Equetion 2 with (RPZ/Elz) a5 the parsmeter.



Development of the Power Loss Equetion

The functioneal relationship defined in Equation 1 was derived on the
basis of the schematié disgrem shown in Figure 1. TFigure 1 illustrates
the conventional n circuit. The shunt susceptive branches are shown for
completeness. The shunt susceptance does not enter into the loss equetion
end hence B is not a varisble in the investigstion. The positive sense of
the terminal volteges and powers is defined in Figure 1. The expressions

for the terminel powers Pj snd Py eare:

E2R E
Py = 12 - 1:2 [R cos& - X sind 1; 3
A Z
and
2R B
P3=E-2-§-—-—:-L-§—2-[Rcos8+}£sin5]. 4
Z Z :

The power loss of the circuit is:

PO = Pl + Pz = -E-é— [Elz + Ezz - 2E1E2 0088 ]. )

From Equation 4 it is possible to obtein an expression for & in
terms of Ey, E5, R, X, and Py. The derivation is as follows. Rewrite

Equetion 4 as:

2 2
R X R = Z°P
-—cosa +—sin8 =-E3-———-—-——z-.

Z Z E1E2Z

Recognize thet

o)

— = cos 8, 7

]

o]

— = gin 8, 8

N



E,[O°

et

B2

B/Z

£ /5

rcuit

n ci

1. Schemetic disgrem of the

Figure



and
cos 8 cos® + gin @ sind = cos(e = & ), 9.

and hence Equation 6 can be written

Ep2R - 22Py

cos(6 -6 ) = 552 10
From Equetion 10

-8 = cos-? EzzR ,- 23132. 11

BBy 2 -
TFor convenience let
Eg2R - 22P

g = cos~ B E,2 3 12
then

S=19-5; 13
end

cosd = cos(6 = B) = cos © cos B + sin © sin . 14

From the definition of B the expressions for cos P and sin.p are readily
obtained. Thus:

Ep2R - 28R,

cos B ElEz 7

end

sin § = fl - cos? B = Elé ?‘V(Elzeg;'xs)2 - (B2 - 22py)%. 16
22 1

The substitution of Equations 15 end 16 into Equation 14 gives: ‘

cosS = —= {R(EQZR - 72p) + x\}r(glEgz)z - (B;%R ~ zng)z}.
EyEp 22
4 17

The desired expressicn for the line loss is obtained by substituting



Equation 17 into 5. The result is:

R
P, = F{(Elz + E?‘Z)z2 + 2RPpZ2 - 2E22R2

o

- 2XV?E1EZZ)2 - (53R - zzrz)z}. 18

Equetion 18 is the explicit expression for P, as a function of Eg,

Es, R, X, and Py es symbolized by Equation 1.

Combining the Varisbles Into Dimensionless Combinations

The Buckinghem Pi theorem wes used to find the dimensionless combi-

netions of the six variables E;, By, R, X, Py end P,. Thus for the varie-
bles involved in this problem the requirement that

P 28,PE;CRIX®P, £ = numeric 19
takes the form

(82z-1)egbgezdze (522-1)f = £ozo, 20
Rewriting Equation 20 as

gletbre+2f |, geatdte«f a pogzo 21

leads directly to the relaﬁionships:
2a+ b+ c+ 2 =0 22
-2+ d+ e ~-f =0, 23
An inspection of the matrix of a system tells which unknowns cem be

solved for in terms of the others. The matrix for this system is

(.

a b e d4d e ?

”2 1 1 0o 0 2

1 0 0 1 1 =1



The rank of this metrix is 2. Now the remk of the mekrix of the coef-
ficients of the unknowns to be solved for must equal the renk of the
mebrix of the system. For exsmple it is not possible to solve for a2 and f
in terms of b, ¢, d, and e, because the matrix of the coefficients & and ¢
has a renk of 1. Thet is the rank of the matrix
(-
-1 -1

is 1. Thus the possible ccmbinations of unkmowns in terms of the remeining

unknowns sares

I & znd b in terms of ¢, d, e, f

ITI a " ¢ " " " b,d, e, ?
III a ™ gt " b,ec,e, f
IW a " e" " " p oo 4,f
vV b " a* " " 8,0, e, T
D " e " "% a,e,d, f

YVII b " £ % " " 8,¢,d, e
VIII ¢ " 4" " " a, b,e, f
IX ¢ " e" " " a,b,d4, ¢
X e " g™ " " 8a,b,d, e
XTI a4 % £ " " a8, b,e, e
XIT e " ¢ ® n " &, b, ¢, d.

Explicitly the relations I through XII are:
I a=d+e=1
b==c¢c =24~ 2e
II a=d+e =1

¢ * =Db=2d - 2e
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III a = «0.5(b + ¢ + 2f)
d=«0.5(b+¢c)=-e
IV &a=<0.5(b+ c+ 2F)
e = =0.5(b+¢)=~d
V b=<22~2f «¢
d=g+ f~eg

VI b=«28«~2f ¢

e = a+ f «~d

]

VII Db==~c¢c « 2d - 2e
f=d+ e - a
VIII ¢ = - 28 «2f =« Db
d=a+ f=-eo
IX c¢c= =28 -«2f-D
e=a+ f-d
X ¢=«ba~24d-2e
f==-a+d+ e
XI d=<0.56(b+tc)=~e
? - =0.5(b + ¢ + 28)
XII e =<0.5(b+¢) -4
f = <0.5(b + c + 2a).
The reletionships I through XII lead directly to the twelve sets of =
groups given in Teble I.
The question of which set of n groups to select was done by & process

of eliminstion. The eliminstion process was based on rewriting Equation 1

in terms of the dimensionless m groups my, ng, ng end ng. Thus
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Table T

Dimensionless Combinations of the Six Variebles

Ey -E3 -R =X - Py = P,

Buckinghem Pi Groups

Set
Number
™ 2 3 T4
I Ey/E PR/E,% PX/E,? Po/Pg
11 E,/Ey P,R/Eg2 P X/Eg2 Py/P,
111 Ey/\NPR  EB/VPR IR Po/Pq
v os/FE /R s o/,
v PR/E;% Ey /By X/R P,R/E,2
VI PX/E,® Ep/Eq R/X PyX/B,2
VII  P,/P, Ey/Ey PoR/E;? PpX/E,%
VIII = P_R/E,? Ey /By x/R PyR/Ey2
J X PA/E By/Ep R/Z PoX/By"
X PPy Ey/Ep PoR/Ep? PX/Bp?
X R/ B/NBE  B/VRR ¥R
XII  P./P, El/ VPX B/ RA

7y = h(ng, nz, ng).

24

From Equation 24 it wes evident that en explicit equetion for P, could be

obteained if P, sppeared in only ome m group.

Hence the first four sets
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were eliminated.

The selection of which set of the remeaining n groups would be most
suiteble reduced to a study of the originel circuit with regerd to the most
likely independent veriebles. Viewing the circuit in terms of possible
variasbles eliminsted the resistsnce R in the sense thet for R equal to gzero
no loss problem existed. Recognizing the physicel impossibility of re=-
ducing R to zero made X the most logicel varisble in terms of the series
impedance of the circuit. Therefore ell remaining sets in which X ape-
peered in more then one 71 group were eliminated. Explicitly sets VI, IX,
end XII. |

The second independent varisble that wes selected was Pg. It seemed
ressonable to assume thet the performance of the circuit at different power
output levels would be of primery concern. Therefore Pp should sppesr in
only one n group end thus sets VII, X, and XI were eliminested.

Heving selected X snd Po as independent variebles the selection of the
third end finel varieble was reduced to meking a choice between the termi-
nel volteges Ej smd Bg. The choice of Ep &s. the third independent varisble
was besed on the feeling that in most applications of n circuits the input
voltage E; would be insemsitive to chenges in the output voltage Eg. With
Eo as the third verisble, set VIII was eliminated and this left V as the
most desirable set.

Substituting the n groups of set V into Equsation 24 gave the function-

al relationship:

Eq2 E5 X RP ‘
Poz__].‘_..h —2—’ -,-—.2- . 25
R E; R Elz

Hence the next step in the development of the loss surface was to rewrite
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Equetion 18 in terms of the retios (Ey/Ey), (X/R), end (RP3/E;%) in order

to obtein the explicit form of Equetion 25.

Development of the Loss Equation in Terms of the Dimensionless

Variables (Ez/E1), (X/R) and (RPZ./EIZ)

To find the power loss as a function of the dimensionless ratios
(B2/E1), (X/R), end (RP»/E:2) the quentity E,2R2 was factored out of the
2/ H1 2/ 51 ¥ &1

bracketed term of Equetion 18. Thus Equation 18 beceame:

v L ]

S I CE R

In working with Equetion 26 it wes convenient to meke the following
simplificetions in nomenclature: U = (X/R)%; V = (Ez/Ep)%; end

W = (RP3/E;%). Thus Equetion 26 simplified to:

2
P, = - 2 S-(1+v)(1+U) + 2W(1+0) - 2V
R(1+U)21 v

- 2*{ OV (1+U)-U[V-w(1+7) ]° } 27

Determining the level surfaces generated by Equetion 27 with W trested as a

persmeter comprised the fourth snd final step of the investigation.
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Determination of the Power Loss Surface

When any one of the variebles U, V, or W of Egquation 27 is considered
constent the resulting equetion is thet of a surfece in three dimensionel
space. A family of surfaces is generated ss the "constent" tekes on
various values. The power loss surfece weas developed on the basis that W
would be the paresmeter thet generated a family of surfaces. Hence for a
given value of W the output power of the n circuit would be fixed and the
resulting surface would give the power los>s as & function of U end V. The
selection of W as the psrameter was based on the premise that studying the
operetion of the n circuit at fixed power outputs would be more reeslistic
then studying the operatioﬁ of the circuit at fixed voltage retios V or
fixed impedence ratios U.

With W considered constant Equation 27 took the form

P, = F(U, V). | 28
The neture of the surfece described by Equetion 28 wes determined by
cutting the surface with constent Py, U, and V planes. The results of »
cutting the power loss surface with constent P,, U, and V. plenes sre given

in the following three subssctions.

U vs. V for consteant values of Po

Letting & represent & particuler value of W and k represent the ratio

R/E;% Equetion 27 was written in the form:

k(1+U)21=° = (1+V)(1+0) + 2a(1+T) - 2V = 2\)UV(1+U) - Ulv-a(1+1)]%

29
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To remove the radicel sign in Equation 29 the equation was rewritten so
that the radicel term seppeared on one gide of the equation and the re-
meining terms on the other side. The resulting expression wes squered and

then factored into the following expression:
(1+0)2 § (2P, )20% - 2P0V + 20[26% + P AE - kP, (1+20)]

+ V2 - 2V(ls2a-kP,) + (Ls2a-kP,)2 ] = 0. 30

With U & positive number by definition, the term inside the breckets of

Equstion 30 hed to equel zero. Thus:
(kP 202 - 2KP,OV + 20[282 + PRI - kP, (1+22)] + V2
- 2V(1+2a-XP,) + (1+2a-kP )2 = O. 31

For a constant va‘l“aé of P, Equetion 31 is o second degree equation in U and
V. Explicitly it is of the form:
AU? + BUV + CV2 + DU +.EV + F = 0, 32
The nature of the U - V locus for constant values of Py is determined
by the value of B2 - 4AC in Equaetion 32. Equation 32 has as . e locus &
cirele (if A = C, B = 0), sn ellipse (if B2 - 4AC <0), = hyperbola (if
B2 ~ 4AC > 0), or a parabola (if B2 - 4AC = 0). For Equetion 32:

B - 440 = 22P2 - 4k2P 2 = 0. 35

Therefore the U vs. V trace in a constant P, plane was found to be &
parsbola.

The characteristics of the U - V parabola's were obtained by solving
Equstion 31 for: (e) V as a function of U; (b) U as a function of Vi end
(¢) the engle of rotstion which would eliminate the UV term. These so-

lutions led to the following equations:
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v = (1+2a-kP°) + Uk_Poi Z'JU[kPo - (a-kPo)?'] 34

K¥p 2

U= . {(mo'az) + [Pok - (a"kPO)z]
o

: 2$ (VP -e2) kP, - (a-kPo)z]} 35

2 ten # g _ 2kP, 56

tan 2¢ = .
1-ten? g 4-C  1.3p 2

Studying Equetions 34 through Sé led to the following observations
concerning the U - V parabolas: |

1. The peregbolas degenerste into straight lines et the values of P,
that mske the term [kP, - (a—kPo)z] equel to zero. Hence these values of
P, represent the meximum end minimum velues of the power loss in the

circuit. Explicitly:

- (1+28) + Ul+4a 37

P

Cmex 2k
P - (1+2a8) - \’1-*-49. 38
Onmin 2%k ¢

Furthermore at these veluss of P, the equations of the UV lines were found

to be:
at P°max
—
v = -;’- L1+29. + ﬂ 1+4a] + %[:uza - { 1-!-4&:[ 39
et Popin

¥V = -g—[l+23 - { 1+4a] + % {1+2a + \l 1+4a]. 40

2. At U equel to zero V ié single valued snd has the value
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(1422 - XP,). This point is where the parabolas is tengent to the Pg - V
co-ordinate plene. As the velue of P, decreases from its meximum to its
minimum velue this tangent point traces the straight line
V=1+ 2a - kP, 41

in the Py = V co-ordinste plene.

3. The U - V persbols is slso tangent to the line: V = 82/kP,. The
U co-ordinete st this point of tengency is [kP, - (a-kP,)?1/K¥°P2. As P
pesses from its meximum to its minimum value this tangent point traces a
pargbolio curve. The projection of this curve onto the U - V co-ordinate

plane was found to be:

V2 - (3+22)V + 20 + &2 = O 42
ors
=1 2
o2

4. The principal axis of the psarsabola has a slope equal to kP,.
Therefore es Py decreases from its meximum to its minimum value the
principle exis of the pearasbola rotates clockwise.

These characteristics of the U - V parasbolas are shown graphicelly in

Figures 2 and 3.

P, vs. V for constant values of U

For a constant velue of U Equation 31 has as a locus an ellipse. This
was esteblished by letting b represenmt a particular value of U snd then
putting Equation 31 in the form:

12 (b+1PP 2 + 2k(1-b)VP, + V2 - 2k(1+22)(b+1)P,
- 2(1+2e)V + 482b + (1+22)2 = O. 44
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oU

Tangent poirit trace in the
\ B-V co-ordinate plane

Vi, = Tangent

S Prgection of Vg N~ T =
bf/ tangent locus on coordiate ,D/a/'7\e> .,

Figure 2. A three dimensional view illustrating the orientstion of
the U - V parabolas '
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2 I —
RE Viy-tangent poirt

[PE—(CI——RE)Z}/(P%)Z u‘

Figure 3. A two dimensionel view illustreting the orientation of
the U - V paraboles
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Then recognizing Equetion 44 as a second degree equation of the form:
AP, + BVPg + CV2 + DP, + EV + F = 03 45
the ellipticel locus was established by noting thet the characteristic

B2 - 4AC was less then zero. BExplicitly:

B - 40C = [2k(1-b)]% - 4B (p+1)% = -16 b2, 46
The following charscteristics of the P, - V ellipses were noted from
a study of Equation 44.
1. The centers of the P, ~ V ellipses were foumnd to lie along the
straight line

o 1+2a . 1+2a

v 5 U+ 47

in the constent Po plene (1+2a)/2k. Explicitly the centers of the ellipses

lie et the co-ordinaste points:

v = (1+2a) (b+1) 8
2
P, = (1+2a)/2k. 49

2. At b equals zero the ellipse degenerates into the straight line '
V =1+ 2a = kPo. This line in the Py ~« V co~ordinste plane corresponds to
the points where the U - V parsbolas are tangent to the Py, - V co-ordinsate
plene.

3. To eliminate the P,V term in Equetion 44 the P, - V co-ordinate
axes would have to be rotated through en angle € such that:

2%x(1-b)

ten 26 =
112 (b+1)R

50

(A positive welue of © corresponds to a counter=~clockwise rotetion of the

- axes. )
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From Equation 50 it was noted thet at b equel to zero the tan © was
equel to k and et b equal to one the tan © was equal to zero. Thus the
velue of @ at b equal to zero agreed with the slope of the straight line
formed by the degenerate ellipse; and the value of € at b equal to one
corresponded to the intersection of the streight lines formed by the
degenerate persboles.

4. The points slong ths ellipse where dPo/d'\T was equal to zero weré
found by differentiating Equarion 44 with respect to V and solving for
dPo/dV. Thus

dp (1+28) = V - xP_ (1-D)

o]
= . 51
& 2P 2(b+1)2 + kV(1-b) - k(1+2a)(b+1)
For dPO/dV to be equal to zero requires
(1+2a) - V - XP,(1-b) = 0. 52

Solving Equetion 52 for kP, snd substituting this velue back into Equation

44 led to the fcllowing:
1
V = 2(1+2e)(b+1) ¥ g—(b-l) ‘§1+4a. 53
Since Equation 53 is equivalent to Equations 39 esnd 40 the slope along a

Py = V ellipse was found to be zero at the points where the U - V parabolas

degenersted into straight lines.
5. The minimum and maximum velues .of V along the Py ~ V ellipse were

obtained by solving Equation 44 for kP,. Thus:

| (1+2a) (b+1) - (1-b)V £ 2Y pLv(1r20) (b+1) - V2 - 212 ]

kP
° (b+1)2

54

The limiting values of V are the values of V that make the radical term in
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Equetion 54 zero. Explicitly:

b+l ‘
Vs = = (1+20 = V 1+4e) 55

b+l )
Voex = 3 (1428 + V1+4a). 56

These cheracteristics of the Py, - V ellipses are shown grsphically in

Figures 4 end 5.

P, vs. U for constent V plenes

Having cut the power loss surface with constant P, pleanes end constent
U plenes it remesined to investigste the P, vs. U locus for constant velues
of V. Letting ¢ represent a particular velue of V, Equation 31 becames
k2P 2 (U+1)2 - 2kP,[U(c+1+28) - c+l+2a] + 48207 + [e-(1+20)]2 = 0.
57

Solving Equation 57 for kP, gave:

_ U(o+1+2a)-c+1+28 £ 2V U { (U+1)o-[a(B+1)-c1?}
(T1)2 | '

kP, 58

From Equation 57 or Equetion 58 it was spparent that the P, = U locus
could not be described in terms of circles, perabolas, hyperbolas, or
ellipses. Never«the-less further insight into the nsture of the loss
surface was obtained by meking this cut. The results of cutting the loss
surface with constent P, plenes and constent U plenes had established the
meximum end minimum points on the surface ss those points along the
straight lines described by Equations 39 and 40. However from Equation 40
it was apperent thet only the minimum points corresponding to V grester

then [1+2a + \Jl+4a] were known. For wslues of V between [1+2a - \j1+4a]
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2
Ellipse degenerates into a
Straight fine V= l+za- RP in

the P—V CoO- Ol’“d//’)CZLE D u/’);

Centers of the
lipses lie along \
the line s \

\/"""(l-#?d)( +,,& \

| L//; v

\/ ! |
h=1 / I+za /
| L zR /
dE dV = O
18/ = f\f = ’ /
R(1-5) ﬁ 3
Tanze = z I~ - \ &
NS = TTREGIE | :%

S
z

Figure 4. A three dmenszonal view illustreting the orienta‘bion of
the Po - V ellipses -



24

l+za)
(R)

S

Vi (1/z) (b+)(1 +2a) Vinax
V

‘Figure 5. A two dimensionsl view illustreting the orientetion of
the Py - V ellipses for b2»'1
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end [1+2a + Y 1+4a] the locus of minimum points had not been esteblished.
To find this locus it was necessary to locste the points where dPo/dU was

equal to zero,

From Equstion 57 the expression for dPo/dU was found to bes

dP, _ [kP,(c+1+2a) - k2P (U+1) - 28]

. 58

W x{kp, (0+1)2 - [U(cr1+2a)-cr+1+2a]}

Thus for dPo/dU to equal zero it is necessary thet:
kP, (c+1+2a) = K2P2(U+1) - 282 = 0. 60

To verify that the loeci deseribed by Equetions 39 end 40 correspond
to meximum end minimum points, Equstion éO wes shown to be satisfied for
these perticuler values of Pys U, end ¢. Thus to show that dPo/dU weas
zero along the line described by Equation 39, Equation 60 was shown to be

setisfied for:

kP, = -;— [(1+2e) + Y 1+4e) 61
end

c= -;— [U(1+2e + Y 1+4e) + (1+2a - Y 1+4a)]. 62
To show that dPo/dU was zero elong the line described by Equetion 40 the
values:

XP, = g‘- [1+2e - Y 1+4s) 63
and

c = -é]-'- [U(1+2a - ma) + (1+2a + m;)] 64

were shown to satisfy Equetion 60.
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dPo/dU wes also found to be zero along the locus traced out by the Vy

teangent point of the U - V parsboles. That is Equation 60 was also setis-

fied for:
2 .
[kPo - (a°kPo) ]
U= 2 65
2P,
and
2
8!
c =T 66
kP,

To determine whether or not the points along the Vi tangent point trace
corresponded to & meximum, minimum, or inflection point on the Py ~ U
locus it wes necessary to study the second derivastive of P, with respect

to U along this curve. To study the second derivetive Equation 59 was put

in the form:
irig. = T = ;F_(—P_o_,?l. 67
au °  &(p,,U) _
Thus
a2P, s G(Py,U)F! (Py,U) = F(P,,U)G'(Py,U) 68
° -
ar? [6(Po,U)]2
At P,' equal to zero the expression for P," is
. F! (P,,U) -k2p 2 |
P i s B, 69
o G(Pg,U) _ &(P,,0)
Po' =0 ' Pt =0 '
Along the Vy tengent point trace Equation 69 becomes:
6
P n 8 . 70

o 263 (c-2)% = ¢]
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From Equation 70 it wes noted that the algebraic sign of P," depends
on the sign of the quentity [{c-2)® - ¢] because c is positive by defi=-

nition and ef is positive because it is a number raised to an even powsr.

To study the neture of the gquentity [(c-et)2 - ¢] the function H was created

thus:
B = (c-a)2 - C.

H was observed to have the following cheracteristics:

(&) H=0sat ¢ = ‘%’ [(1+2e) Y 1+4a]

(b) L - VI+4a at ¢ = %"' [(1+2a) ~ \J 1+4a]

dc

(c) L-1: QU Y 1+4e at ¢ = -;— [(1+2a) + V 1+4a]

de

(1+22)

0o 4

dH =
(&) Go-Oste-=

(e) H= - ;i— (1+4a) st ¢ =%— (1+2sa).

These characteristics of H are shown grephically in Figure 6.

With H established as =2 negetive quantity in the interval % (1+2a -

Yirda) £ o < -:zl- (i+2a +\| 1+4a) the second derivetive Po" was found to be

positive along the Vi tangemt point locus and therefore these points corre-

spond to minimum values of Pg.

The value of P, along the Vjy tengent point locus was found by substi=-
tuting Equetion 43 (with V replaced by c) into Equation 57. Thus along

this curve:
Elzaz
POi = Re *




(r/é) [|+za~\J1+4a]) ‘ ;\0(2)D+2a+u\+4a]

e (l/Z(*f‘Z(

<

//

Figure 6. A grephiecel representation of H

8¢
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Thus with regard to the meximum end minimum points the salient
festures of the Py = U locus were established, nsmely:

1. For ¢ grester than 1/2[1+2a = ﬁ:;;] the meximum point on the
Py = U locus corresponded to the meximum point on the Py, - V locus which in
turn corresponded to the line formed by the degeﬁerate U « V parsbole when

Py was equsl to P°me:x'

2. For ¢ grester thean 1/2[1+2a + | 1+4a] the minimm point on the
Py = U locus corresponded to the minimum point on the Py - V locus which
in turn corresponded to'the line formed by the degenerste U - V perabola

for P, equal to Py min®

3. For values of ¢ between 1/2[1+2a = \’ 1+4e] =nd 1/2[1+2a + \j 1+4e]
the minimum point on the Py -~ U locus corresponded to the Vi tengent point
of the U = V parebole, =md hag a valug of Elzaz/Rc.

In addition to the observstions masde regerding the maximum end minimum
points of the Py - U locus, further characteristics of the Py, -~ U locus
were noted from Equetion 58.

4. At U equal to zero Equation 658 reduces to kP, = 1l+2a = c. Thus
the Py - U loci end the U - V pearabolas are tengent to the Py, = V co-ordi-

nate plane et the seame points.

5. The limiting wvalues of U sare obtsined from the radicel term in
Equetion 68. Thst is, solving the expression
(Brl)e - [a(t+1) - ¢]? =0 73

for U gives:

7= [(1+2a) : ! ”’aJ- 1. 74
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For 1/2[1+2a - Y 1+4a] < ¢ € 1/2[1+2a + N 1+4a] the minimum velue of U is

gero snd the meximum velue of U is:

Umax = -?:35 [1+2e + 1+4e] = 1. 75
a

For all values of ¢ > 1/2[1+2a + m] the minimum end meximum values of
T are given directly by Equetion 74,

The fact thet Equetion 74 will not give the minimum velue of U for
c <1/2[1+2a + {—1:-;;] comes from the observetion thet for ¢ = 1/2[1+2e +
m], Umin equsals gero. For < less then this valus the expression for
Upsp yields & negetive number. By definition U is eguel to or greeter them

zero, hence Uy, is zero feor 1/2[1+2e - Y 1+4a] < ¢ <1/2[1+2a + Y 1+4a].
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DISCUSSION OF THE POWER LOSS SURFACE

The discussion of the power loss surface has been subdivided into five
parts. The first part of the discussion deals with the limiting velues of
2 end the neture of the surface &t these values of &. The second phese of
the discussion comnsists of nobting the physical significence of the quenti-
ties k snd a which appear' :m ell the equations thst describe the nature of
the power loss surface. A table from which meximum snd minimum velues of
Py cen be readily calculated comprises the third part of the discussion of
results. The fourth section of the discussion is devoted to interpreting
the Po = V end Py = U loci in terms of circuit operstion. The fifth end:
finel part of the discussion econsists of numerical exemples to illustrate

the epplication of the results to en actuel n eireuit.
Power Loss Surface at the Limiting Values of e

The power loss surface was developed with the gquentity (RPg/E]_2 = g)
es o parsmeter. Therefore a series of surfaces is created as & tekes on
various velues. The first step in the study of the loss surface was to in-
vestigete the surfeces which correspond to the limiting values of 8. The
selected independent variables eare X, Ez emd P2 and therefore the range of
2 is determined by the renge of Pp. The smallest velue of Pz is zero
whereas the lergest value is Ej2/4R. P, is e negetive number for power
flows out of the output ’v.'l;'erminals end hence the parameter a lies between
~1/4 end O, thus:

-1/a< a0, 76

For a equal to -1/4 the powsr loss surface collapses to a line in
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space. Thus at a equal to -1/4:

8
F
P n-—l—-- 77

(8) Popax = Popin = S

(b) The U - V parsbolas degenerate into the line

v = -i— (U+1)5 78

and

(¢c) The centers of the Py - V ellipses are located st
1
V== (b+1)

E;2
P, = '4—3--. 79
Equetion 77 expresses the well known fact that et maﬁ.mum power
transfer the losses are equal to the power output. Equetions 78 end 79
show thet the loss surfece hes been reduced to a straight line [V = 1/4
(+1)] which is perallel to the U - V co-ordinste pleme. The distsnce be=
tween the line end the pleme is By2/4R.

At & equel to zero the power loss surface takes on the following

cheracteristics:
1 Popex = Efll-z-- 80
2. Pomin = 0. 81
3. At Py, the U - V parabola degenerates into the line:
V=70 82

4, At Pomin the U - V parebole degenerastes into the line:

V=1,

5. At U equal to zero the Py - V ellipse degenerates into the line:
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1
Py = I (1=v). 84

6. The centers of the Py - V ellipses lie in the pleme:

E12 85
P. = e
© 2R
and describe the line
1
V=3 (U+1) 86
in this plane.
7. The expression for the U - V parsbolas becomes:
V = UkP, + (1 = kP,) * 2V UKP,(1-kP,). 87

8. The Vyy tengent point of the U - V parsboles lies in the P,~-U

co~ordinate pleane end traces out the curve:

1

1 *
Pc,"'f GOk 88

9. The expression for the P, - V ellipses becomes:

Po = }_[Vb + (1+b-V) % 2 \]v},(1+b_1f)}

= (b+1)2 89
10. The limiting velues of V along the P, = V ellipses are:
Vpin = O
Vpax = (b+1). 90

11. The expression for the Py - U loci becomes:

- I[Uc + 14U-c £ 2 \}Uc(l-i-U-c)] o1

P ——
° k (r1)2

12. The limiting velues of U elong the Py - T loci ere:

Upin = O
Upax =°0. 92
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In interpreting the loss surface for a equel to zero it must be recog-
nized that three different conditions may exist st the oubtput terminals.
Thet is, & will equeal zero when:

1. The output terminels are open circuited;

2. The oubput terminsls are short circuited;
or when

3. The output load is purely reactive.

Then the output terminals are open circuited the power loss surface
degenereates to the line V =1 in the U - V co-ordinste plene. With no
output power required, the minimum possible value of P, is obviously zero.
Zero loss implies zero current. This zero current condition will be setis-
fied if Ej and E; are equel in magnitude end phese. Thus the line V=1 in
the U = V co-ordinete plane implies thet these conditions exist at the
terminals of the circuit.

When the output terminals are short circuited V will be identicaelly
gero and the loss surface reduces to the curve:

1 1

Py =¥t T 93
Replacing k by (R/E3j2) and U by (X/R)® Equetion 93 tekes the femilisr
form:
2
Pe = -:—ZL R = I2R. 94

Under this condition the power loss approaches zero as U spproaches
infinity.
When the 7 circuit is terminated in a purely reactive impedence the

power loss will very somewhere between zero and El?f/R depending on the
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value of the terminating reactence. When the terminsting resctsnce is such
that it resonates with the reactance of the series impedance of the circuit
the power loss surface becomes the line U = V in the plane P, = l/k. This
substentiates that in o series resonant circuit the power los;/; is EIZ/R and
the ratio of the voltages E; to E; equals the X/R ratio of the series
impedences. |

These observations concerning the nature of the power loss surface at
the limiting velues of a are of interest in thet they show thet results
obtained from the power loss surface are in agreement with results which
ere readily obtasined by other techniques. Therefore these observations
serve to verify the validity of the general power loss surfacse.

Having locked et the limiting values of & end the neture of the loss
surface at these velues of a the next step in the analysis of the results

was to note the physicsl significence of the quentities k end .
Physical Significence of k and a

From Equation 80 the physical significance of k is apparent. Equation
80 states that the meximum possible value of P°max is E]_Z/R eand k is the
reciprocal of this quentity. Thus:

1 Elz
xR Teo | %

where P,, represents the meximum possible value of P°max'

This observation with respect to k leads to the observation that the
paremeter & represents the ratio of the output power to the maximum

possible loss in the eircuit, thet is
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RP; P
g el m o 96
Elz Poo

Using the observation exprsssed in Equetion 95 the expressions for

P°max and P°min are written in the form:

Ponex _ 1 + 28 + Yivde
2

97
Poo

and

P°m:‘m== 1+ 28 = Yi+aa

5 . 98

POO
Numericel velues of Po /Poo end Po ; /Poo for velues of a between

-1/4 end 0 ers given in tabuler form in the next section.

Tabulation of P°m ax/P°° end P, . /Poo

Equetion 98 does not lend itself to slide rule celculstions becsuse
the quantity (1+2e) is epproximately equal to \ 1+4a for smsll velues of e.
[This is resdily seen when the quentity Y 1+4a is expended by meens of the
binomial theorem. Thus: m = 1+2a-2a2+4a3-10a4+°".] . For this reason
numerical velues of P°m ax/P°° end P°min/P°° to six significent figures have
been worked out for increments of & equal to 0.005. These results are
given in Teble II. The values of P°min/P°° in Teble II are spplicable only
if V is grester than 1/2[1+2a + Y 1+4a]. For velues of V less then this
P°min/P°° can be cslculeted by mesns of Equetion 72. Thus

“omin _ o2

99

where ¢ represents s velue of V between
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Table II
Velues of Po . /Poo end Py /Py, for & = 0.005

& P°min/ Foo P°max/ Poo & P°m:1n/ Foo P°ma.x/ Foo
0.005  0.000025 0.539975 0.130  0.023590 0.716410
0.010  0.000102 0.979858 0.135  0,025883 0.704116
0.015  0.000232 0.969768 0.140  0.028337 0.691662
0.020  0.000417 0.959588 0.145  0.030963 0.679037
0.025  0.000658 0.949341 0.150  0.033772 0.666228
0.030  0.000958 0. 939042 0.155  0.036779 0.653221
0.035  0.001319 0.928681 0.160  0.040000 0. 640000
0.040  0.001742 0.918257 0.165  0.043452 0.626547
0.045  0.002231 0.907769 0.170  0.047157 0.612843
0.050  0.002786 0.897213 0.175  0.051138 0.598861
0.055  0.003412 0.886588 0.180  0.055425 0.584575
0.060  0.004110 0.875890 0.185  0.060049 0.569951
0.065  0.004884 0.865116 0.190  0.065051 0.554949
0.070  0.005736 0.854264 0.195  0.070479 0.539521
0.075  0.006670 0.843330 0.200  0.076393 0.523607
0.080  0.007689 0.832310 0.205  0.082868 0.507132
0.085  0.008798 0.821202 0.210  0.030000 0.490000
0.090  0.010000 0.810000 0.215  0.087917 0.472083
0.095  0.011289 0.798700 0.220  0.106795 0.453205
0.100  0.012701 0.787298 0.225  0.116886 0.433114
0.105  0.014211 0.775789 0.230  0.128578 0.411421
0.110  0.015834 0.764165 0.235  0.142525 0.387474
0.115  0.017516 0.752423 0.240  0.160000 0, 360000
0.120  0.019445 0.740555. 0.245  0.184289 0.325711
0.125  0.021447 0.728553 0.250  0.250000 0.250000

% [1+28 - 1+4a] and 3 [1+2a + \ 1r4al.

A lineer-interpolation for values of & between the tabulated velues
will give sufficiently accurate results. The largest error would occur for

2 midway between 0,245 end 0.250, or for g equel to 0.2475. For this
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velue of a the per ceut error [based on the true velue of (Pomin/Poo)] is

P Poms
[ ;mi‘:l - [ ;‘“m x 100
00 00 C o
i alculated
% € = interpolated cale . 100
[P%inl
P
°0 calculated
For & equel %o 0.2475:
Pomin 1 —
5 = 5-[1-0.495 -\ 1-0.99] = 0.2025 101
oo
calculated
©ands
Pomin 1
> _ = 0.184289 + > (0.250000 - 0.184289)
°° interpolated
= 0.217144. 102
Therefore the per cent errcr is:

% € = (0.217144 - 0.202500)100 _ 5 544 103

0.2025
The interpolation error decreasses for smaller velues of 8. For example the

per cent error for & midwey between 0.220 amnd 0.225 is:

P - ..
{ %in] = %- [1-0.445 - \ 1-0.89] = 0.111669 104

Poo
caleulated

Pomin
Poo
interpolated

g€=  Q:111840 -.0.111669
(4
0.111669

0.106795 + -:él- [0.116886 - 0.106795]

0.111840 106

x 100 = 0.1531%. 106
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Heving constructed end svalusted a table from which Pomin/Poo and
P°m ax/P°° could be readily obteined the next step in the eveluation of the
power loss surface was the interpretetion of the P, = V and P, - U loci in

terms of circuit operetion.

Interpretation of P, = V and Py, - U Loci

The Py = V loci correspond to operating the =m eircuit with U amd &
constant. Hence these loci give the power loss of the circuit ss &
function of the terminsel voltege ratio squared. It is epperent from the
development of the Py = V loci that Py is & multiple valued function of V;
thet is, for each value of V, Py has two values.

& physicel interpretstion of this comes most readily from Equation 4.

By writing Equetion 4 in the form:

ER  EpFp
Pp = ;3 - 5 cos (e -8) 107

it is epparent thet for given velues of Pp, Ejs B snd R, and X (end hence
U, V, and W) the equetion cen be satisfied for two velues of 8 . Since
cos (& - 8) = cos e -8) : 108
Equetion 107 will be satisfied when the megnitude of (8 - ©) equels that
of (8 -8 ). Let T equel the magnitude of (& - 6) then Equetion 107 will
hold for & equel to (8 -7 ) or (8 + YT ). TFor esch velus of & there will
be & unique valus of éurrent ead therefore & unique value of power loss.
These observeations concerning the multiple velued neture of P, are
shown graphicelly in Figures 7 end 8., Figure 7 illustrates the two possi-

ble velues of & for a single value oi‘MPZ end Figure 8 shows the two wvalues
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Figure '1". A éraphical plot of the receiving end power showing thet in

general two values of § correspond to = single value of P,
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Figure 8. A vector diasgrem showing the two velues of line
current thet correspond to the two values of &
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of current thet correspond to the two walues ord .

The n circuit will be in stable operation when the sngle & hes its
smellest vélue. Therefore from sn opereating stendpoint only the lowsr
portion of the Py, = V locus is of interest. The limiting values of V on
the locus give the range over which V cen vary end still sebisfy the
specified opersting conditions. The expressions for the limiting wslues of
V are given by Equetions 55 (minimum velue) snd 56 (meximum value). The
value of V for which P, is minimum is given directly by Equstion 40.

As en illustretion of the use of a Py, = V locus comsider e n circuit
where the resistance R, reactence X, input voltsge E;, end output power Py
heve been specified. Under these conditions U end a are constent end veri-
ations in V correspond te verietions in the output vo tegs Eg. Hence =
Py = V locus represents the power logs in the circuit as a function of the
| output voltage Es.

The limiting velues of V become the limiting values of Eg and these
values of E; are csalculated directly by meens of Equetions 55 end 56. The
value of By for which P, is minimum comes directly from the value of V
which corresponds to the minimum value of Py,. Thus Equetion 40 gives the
velue of Eg which minimizes the power loss in the circuit.

The interpretstion of the P, - U loci in terms of circuit operation is
similar to the above discussion of the Py, « V loci. The Pg = U loci corre=
spond to constent velues of V and & end hence U becomes the independent
veariesble. The multiple velued nature of P, is apperent from Equetion 58
end the interpretation of this double-valued charscteristic in terms of

circuit operation is identicel with thet given for the P, - V loei.
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The limiting values of U on the Py - U locus give the renge over which
U cen very and still setisfy the specified opereting conditious. The
limiting velues of U will depsnd on the wvalus of V for which the Pg - U
locus pertains. Equetion 74 with the minus sign will give the minimum
velue of U for valuss of V grester then 1/2[ (1+22) + ﬁ-‘-—‘l_g]. For all
other permissible velues of V, the minimum value of U is zerc. The maximum
value of U is slways given by Equetion 75.

The velue of U corresponding to minimum power loss is given either by
Equetion 40 or by Equation 43. Equeation 40 is gppliceble when V is grester
then 1/2[1+2e + Y 1+4s) end Equetion 43 spplies when V is betwsen 1/2[1+2a
- Yit2a] and 1/2[1+28 + Y 1+22].

As en illustration of when o Py = U locus would be of imberest con-
sider a n circuit where the resistence R, input voltege E;, output voltage
Eg, end output power Py have been specified. Thus V end & are constant end
varistions in U correspond to variations in the resctsnce X. Thus the
Py = U locus gives the power loss in the circuit as a function of the re-
ectence X. The limiting velues of reactance, plus ths reactsnce necessary
to minimize the power loss, are directly calcusble from the seppropriate
equations which are in terms of U.

Numericel exsmples ere given in the following section to illustrate
the applicetion of the results snd to demonstrete numericelly the obser-

vations thet heve been made with regard to the powsr loss surface.
Numericel Exsmples

The following numerical exemples sre given to illustrete the appli-

cetion of the results obtesined from the development of the power loss
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surface. The oxsmples are worked on @ per umit basis to facilitate the
calculations. Since the shunt sﬁscep’cance of the m circuit did not enter
into eny of the power loes equetions it is ignored entirsely in the
exsmples.

Exsmple 1. As a first exemple consider & circuit where the following
per unit quentities heve been specified:

Ey = 1.05 R = 0.03; and Py = ~3.0.

With these quemtities specified the development of the power loss surface
will yield the meximum and minimum possible power loss. To find these

values of Py it is necessary to cslculete Pyo &nd g, thus:

, E,2
Poo = ——-; = ——-1§° = 33 %— 109
end
P2
a = —— = .0,09. 110
Poo
From Taeble II
P
Omex -
B = 0,81 111
oo
and
Po. s
min | 6 o1, 112
Poo
Therefore the values of POmax snd P, i become:
100
Poma:x = 0,81 x = = 27 113
end
- 100 _ 1
P°min 0,01 x '-'3— 3 114
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From Equation 114 it is possible to determine The maximum possible
efficiency that the circuit cem operate at for these particular values of

Ey, R, end Py. Thus:

; = oubtput - 300 _ .
% -—-B—inp - * 100 —3 T 90% 115
3

Exemple 1 demonstrates that the minimum possible loss has been fixed
by the specification of Ei. R. and P2. The question neturslly arises as to
what velues of Ep and X will result in the circuit actuslly operating st
this minimun power loss. Exsmple 2 is given to show how the pertinent
values of reactance can be obteined if Ey is specified and Exemple 3 shows
the celculetions involving E; if the reactsnce has been specified.

Exemple 2. If in eddition Yo specifying Ej, R, and Pg the output
voltage Es is also specified the results of the power loss surface will
give the critical velues of reactance. As an example suppose that Ep is
specified as 1.10. Befors the desired velues of U can be sscertained it
is necessary to determine V and note whether V lies between 1/2[1+2a -
Y1+4a] end 1/2[1+2a + Y 1+4a] or whether V is grester then 1/2[1+2a +

4 1+4a].

For Ez equal to 1.10 the value of V is:

B2
v {E-I = 1.,21. 116

The eriticel values of V are:
Vmin = 5 [1+2e = V1vaa] = 0.0 117

snd
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Hence for Ez equal to 1.10 the velues of V is grester then Vpay end

therefore the limiting velues of U can be obtained from Equetion 74.

Specifically:
Uutn = Eé_[l+2a -2*(3;2;] _1 118
Tpip = %{%;-1- [0.01] - 1 = 0.4938 120
Ugex = i_é_[li-Za +2ﬂ+_4;J -1 121
Upax = -5_1{)2—-5%-1- [0.81] - 1 = 120, 122

The limiting values of reactance can be obtained from Equations 120

end 122, The minimum velue of reactsnce is:

Xgin = RY Uggn = 0.05 Y 0.4938 = 0.02108; 123

snd the meximum vslue of resctance is:

Xpax = RY Upox = 0.03V120 = 0.3286. 124

The velue of U which will give minimum power loss cen be obteined by

solving Equation 40 for U, thus:

V - %— [1+2a + ﬂ 1+4a]

o* = 125

% [1+28 - ( 1+4a]

where U* represents the value of U et minimum power loss. Numerically:

ot = 1:21 - 0.81

0.o1 - 40- 126
The corresponding velus of reactaence is:
X* = Riu* = 0.03 Y40 = 0.1897. : 127

Hence for these specified values of Ej, E2, R and P2 the per unit re~
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actance can be veried from 0.02108 to 0.3286 and for minimum power loss the
per unit reactence must be 0.1897.

To illustrate the calculations when V is between 1/2[1+2a - "(I:;a_.]
end 1/2[1+2a + Y1+2e] essume thet By is to be 0.80. V now equsls 0.64 snd

the calculations involving U end P°m:ln become:

Unip = O 128
0.64 _ .
Umax m [0.81] - 1 = 63 izg
1 2
T* = = [V = (Vv-2)7] 130
a
= 1 ‘ =
¥ = 00081 [0.64 - 0.5329] = 13.22 131
2
o _ 100 0.0081 _
P°min Pso [.v-e—] =508z 0.4219. 132
The corresponding velues of reactence are:
Xnin =0 133
Xmax = 0.03 { 63 = 0.2381 124
and
* = 0.03Y13.22 = 0.1091 135

The next exemple demonstrates the calculetions necessary for finding
the pertinent values of Eg when Ey, R, X, and P; have been specified.

Exasmple 3. Let the numericel value of X be 0.24 then:
2 ’ 2
X 0.24
U= [IT] = [m] 64. 136
The limiting velues of V come directly from Equations 55 and 56.

Thus:
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1428 - q 1+4a

Vign = (b+1) 5 137
and
v = (b+1) 1+2a + ‘ 1+4a 138
mex ( 2 *
Numericeallys:
Vpin = (64+1)(0.01) = 0.65 139
and
Vpax = (64+1)(0.81) = 52.65. 140

The limiting values of E; can be obteained from the results given in
Equations 138 and 140. Thus:

'—-
B o ” Ey Y Vpipn = 1.010.65 = 0.8062 141

By " B\ Vyop = 1.0V 52.65 = 7.256. 142

The value of V corresponding to minimum power loss cen be obtained

from Equetion 40:

1+28 = ql+4a 1+2a + { l+4s

V*BU 2 + 3 143

v* = 64(0.01) + 0.81 = 1.45, 144

Therefore the value of E; corresponding to minimum loss becomes:

Ep* = El‘{ v = 1.0Y 1.45 = 1.2041. | 145

Thus with the per wmit reactance set at 0.24 and with the restrictions
that E; equals 1.03 R equals 0.03; end Py equels -3.0 the output voltage By
can be varied from 0.8062 to 7.256. Furthermore minimum power loss occurs

when the output voltage is 1.204.
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These three exsmples have shown how the results obtained from the de-
velopment of the power loss surface csn be aspplied to a n circuit when the
input voltage Ei R resistance R end output power Py are specified. If the
input voltsge end oi.tbpu'b voltage exchange roles (that is, the output
. woltage is fixed end the input voltsge is varieble) the results of ths
powsr loss surfece cean still be epplied. That the results of the power
loss surface development cen still be used is not immedistely obvious be-
ceuse the paremeters a and k become varisbles. Hence for changes in E,
different power loss surfaces are generated and thus the simpliecity of
moving on & given surface has been lost.

The applicebility of the slready derived relstionships for the case
when E; is fixed snd E; is varisble was found by solving for the conditions
of minimum powser loss by smother method end correlsting the results with
the loss surface. With E;, Py, R, and X specified, minimum power loss will
occur when the current in the series impedence of the n circuit is in phese
with the output voltege Ez. Thus +the input voltage corresponding to mini-

mum power loss is:

| 2 2 _
Ey* =WJ}:E2 + lgsli] + ['gﬁli] . 146

Removing the magnitude signs from Py and noting that:

22 = R2 + X2 = R2(1+U); 147

Equetion 146 can be put in the form:

. 148

w* = (EZZ - RPy)° + UPZZ-RZ
.t!sl 2
Eg

L% this velue of Ej the velue of V becomes:
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2 4
E"‘ Ea
Vel = = . 149
Ey (Ep2-RPy )2 + URZP,2

Solving Equation 149 for U gives:

B2y *? - (Ep2-RP,)°

. 150
r2p,?

U =
Multiplying Equetion 150 by the ratio (E;*/E;* )4' gives:
1 *12
U=—2-[V*-(V*-a)]. 151
a* A
The correlation with the previously derived results is now evident because
this is the value of U corresponding to minimum power. loss when V lies
between 1/2(1+2a - Y 1+4a) end 1/2(1+2a + Y 1+4a). Thus the locus traced
out by the Vi tengent point corresponds to the minimum possible loss when
Esy, Py, R, and X are specified and E, is the verisble.

The minimum power loss for this opersting condition is directly

calcusable as:

Py 2
Pomin = "EE' R. 152

Equetion 162 is in agreement with the power loss surface result as cen

be seen from the following:

. [Pz ZR B2 R B2
% Z

i R 2
Omin El El
2p,2 2 2
P R4Pg Ey By
min " H4 = R 153
= (o2 1
P = (8%)(Pyo) ().

Onin
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The limiting velues of Ej ere easily determined. The minimum value

of E; is fixed by the maximum power trensfer theorem, thus:
E . \l | 4RP 154
lmin 2' 3

end the maximum possible value of E; is infinity.

The following exemple is given to show numerically the celculations
involved for this particular operating condition.

Exeample 4. To correlate this example with some of ths previous nu-
merical results the specifications for the operation of the circuit are
tekon from Exsmple 3. Thus: R = 0,033 X = 0.243 P, = -3.0; end Ep% = 1.45.

To find the velue of E; which wili give the minimum loss in the
circuit Equation 43 is solved for Ej. The result is of course the seme es

Equation 148. Hence:

Ep* ,\I (E22-RP2 ? + UR®Pp?

155
]
Ezz

and numerically:

By* aq (1.45+0.09)% + 64(0.0009)(9)

1.45

Ey* = Y1.9931 = 1.412.

The minimum value of P, can be ¢bbained either from Equetion 72 or

156

Equation 152. Thus:

p . 9% 0.03

The minimum possible value of Ey is:

By, = V(4)(0.08)(3) = 0.36 = 0.6. 158
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Therefore for this example the per unit inéu& voltage can be increased
from 0.6 to infinity and still satisfy the oubput requirements that Es =
1.2041 end Pz = -3.0. For minimum loss in vhe circuit the per unit input
voltage should be 1.412. The minimum value of P, corresponding to this
voltage is 0.1862.

It is interesting to campere this minimum loss with the minimum possi-
ble if Ej is specified as 1.412 snd Ep is verisble. For Ej equal to 1.412

the parsameters Py, tnd & become:

E2 o
s 19913 66.377 159

Poo = 3 0.03%
P «3.0
R vl 0.0452. 160

From Table II:

P -
~— = 0.002231 + %5 [0.002786 - 0.002231]
oo _
161
Ponin '
5 = 0.002231 + 0.000022 = 0.002253.
oo
Hence:
Popin = (66.377)(0.002253) = 0.1495. 162
The value of Ep necessery to give this minimum power loss is:
V* = 64(0.002253) + 0.907347 = 1.05154; 163

end therefore:

Ey* = 1.412Y1.05154 = 1.4479, 164

Compering the results given in Equetions 157 end 162 shows numerically
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that the minimum loss is less if Ej is specified send Ep is allowed to veary.

For this particular exemple the ratic of the minimums is:

P°min[E2 variable] _ 0.1485

P°min[E1 varieble] 0.1862

= 0.8029, 165

These numerical exemples have been given with the idea thet they
demonstrate the spplication of the reletionships that ceme out of the de-
velopment of the power loss surface. A summary of the conclusions that cean

be mede from the development of the surface is given in the next section.
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SUMMARY OF RESULTS

The results obtained from the development of the power loss surface
cen be summerized &s follows:

1. PFirst of 8ll the meximum end minimum points on the surface were
cleerly evident and therefore it was possible to obtain explicit relstion-
ships smong the variables at these extreme points. These relastionships are
sumearized below.

A. Meximum power loss reletionships. The meximum velue of P, iss:

[14-2& + Y l+4a}
, 2 *

Popex = Foo
The reletionship between U and V¥ at Py iss

Ve=u [1+2a + Q1+4a} + E+2a - 4 1+4a]
2 2 )

2 - - . y )
B. Minimum power loss relstioaships. TWhen V is greeter than 1/2[1+2a

+ "l-l-éa] the minimum value of Py is:

b = [1+2a - 1+4a"
°min oo ‘

The reletionship between U smd V at this velue of Py : is:

v = U[l-h‘?.a - 41*-4&] + [1-0-23 + \)14-4&:]
_ A 2

2

3

When V lies between 1/2[1+2e - \ l+da] snd 1/2[1+2e + \ 1+4e] the mini-
mum velue of P, is: ' : i

a2

Poo=Poo'vi

and the reletionship between U and V is:
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U = iz- [v - (v-2)2].

With these explicit releticnships the possibility of opersating the
circuit et its minimum loss point can be readily determined whenever re-
strictions are pleced on some of the veriebles.

2. The development of the loss surface pointed out the possibility of
operating the circuit at & relative minimum loss rsther then st an sbsolute
minimum loss. From the power loss surfece it is evident thset the cirecuit
can only operste et & relstive minimum whenever 1/2[1+2a - m L VL
1/2[1+2e + {1+4a]. For V equel to or grester then 1/2[1+2e + Y 1+4a] it
is possible to operate the circuit et its absolute minimum loss. There are
two possibilities that can force the circuit to operete at & reletive mini-
mum loss.- First, with E;, R, P; end E; specified the edjustment of X can
only bring the circuit to a relstive minimum if V lies within the renge
specified sbove. The second situstion which only permits operetion et e
reletive minimum is the cese where Ez, R, X, and Po have been specified.

In this cese & veriation of Ej cen only bring the circuit vto a relative
minimum point or the loss surface.

3. The sbsolute minimum loss is determined by the input voltege E;,
the resistence R, and the oubtput power Pp. The relstive minimum is de-

termined by the output voltsge Es, the resistsnce R, and the output power

Ps. Thus:
E;2 RPp 4RPp
Pomin(absolute) = '2—1-2—- 1+ -3 - 1+ 2 H
. By Ey

and
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2

ive) RPy
Pomin(relatlve = -é—z-g—-.

4. The development of the power loss surface led directly to the
Po =V and P, = U loci. These loci are of value in thet they show how the
power loss varies when either U or V is fixed. When U is fixed at some

velue b and V is varisble the power loss as & function of V is:

1) (1+20)(b+1) = (1-b)V t 2V b[V(1+20) (b+1) = V2= (b+1)2]
k (or1)2

The value of V corresponding to the minimum value of P, is:

™ =1 [1-!-29. - “14-49.] . {1+2a + ‘51-*-4&]
2

2

The limiting values of V are:

= (1+2a - 5{1-{-4&)

Vpox = -b—;l (1+2a + 7\ 1+42).

When V is fixed at some value ¢ and U is varieble the power loss as @

funetion of V is:

_1__{U(c+1+2a) - c+1+2a £ 2N T L(vr1)e - [a(U+1)-c]2} }

P =
o "k (T 1)2

The value of U corresponding to the minimum velue of P, depends.on ¢.
Thus:

For 1/2[1+28 - ~{ T+da] < c & 1/2[1+28 + N 1+48]

T = -}—2- [c - (c-a)z].
8
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For ¢ = 1/2[1+2a + Y 1+4a]

o = 2¢ - [1+2a + ‘1+4a]
[1+428 - | I+4s)

The limiting values of U also depend on ¢. Hence:
For 1/2[1+2a - Y1l+da] < ¢ €1/2[1+2a + Y 1+4a)
Unin = O

-

Upex = —5 [1+2a + Y1+da] - 1.
28

For ¢ >1/2[1+2a + Y 1+4a]

Upin = —°-2- [1+22 - Y1+4e] - 1
2a

c
T ax '2-;—2' [1+2a + *1*‘4&] -1,
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